Recent experiments revealed that the plain s-wave state without any sign-reversal emerges in various metals near magnetic criticality. To understand this counter-intuitive phenomenon, we study the gap equation for the multiorbital Hubbard-Holstein model, by analyzing the vertex correction (VC) due to the higher-order electron-correlation effects. We find that the phonon-mediated orbital fluctuations are magnified by the VC for the susceptibility (χ-VC). In addition, the charge-channel attractive interaction is enlarged by the VC for the coupling-constant (U -VC), which is significant when the interaction has prominent q-dependences; therefore the Migdal theorem fails. Due to both χ-VC and U -VC, the plain s-wave state is caused by the small electron-phonon interaction near the magnetic criticality against the repulsive Coulomb interaction. We find that the direct Coulomb repulsion for the plain s-wave Cooper pair is strongly reduced by the "multiorbital screening effect." Keywords: orbital fluctuations, self-consistent vertex correction theory, magnetic quantum criticality It is widely believed that the spin-fluctuations are harmful for the conventional s-wave superconductivity. However, recent experiments have revealed that the plain s-wave state without any sign-reversal emerges in some strongly-correlated metals near the magnetic instability. For example, plain s-wave superconductivity with high T c is reported in heavily electron-doped FeSe families (T c = 60 ∼ 100K) [1, 2] and in A 3 C 60 (A =K, Rb, Cs; T c > 30K) [3]. In both compounds, electron-phonon (e-ph) interaction may play a crucial role in the pairing mechanism, as discussed in Refs. [4] [5] [6] [7] [8] [9] [10] . Even so, a fundamental question is why the high-T c plain s-wave state appears against the repulsive interaction by spinfluctuations. More surprisingly, the plain s-wave state is reported in heavy-fermion superconductor CeCu 2 Si 2 near the magnetic phase, according to the measurements of the specific heat, penetration depth, thermal conductivity, and electron irradiation effect on T c [11, 12] .
It is widely believed that the spin-fluctuations are harmful for the conventional s-wave superconductivity. However, recent experiments have revealed that the plain s-wave state without any sign-reversal emerges in some strongly-correlated metals near the magnetic instability. For example, plain s-wave superconductivity with high T c is reported in heavily electron-doped FeSe families (T c = 60 ∼ 100K) [1, 2] and in A 3 C 60 (A =K, Rb, Cs; T c > 30K) [3] . In both compounds, electron-phonon (e-ph) interaction may play a crucial role in the pairing mechanism, as discussed in Refs. [4] [5] [6] [7] [8] [9] [10] . Even so, a fundamental question is why the high-T c plain s-wave state appears against the repulsive interaction by spinfluctuations. More surprisingly, the plain s-wave state is reported in heavy-fermion superconductor CeCu 2 Si 2 near the magnetic phase, according to the measurements of the specific heat, penetration depth, thermal conductivity, and electron irradiation effect on T c [11, 12] .
Therefore, it is a significant problem for theorists to establish a general mechanism of the plain s-wave superconductivity in strongly correlated electron systems. One important feature of these s-wave superconductors would be the orbital degrees of freedom. In this case, in principle, the pairing glue for the plain s-wave state may be realized by the orbital fluctuations. The two possible origins of the orbital fluctuations are the higherorder many-body process given by the vertex correction (VC) [13] and the e-ph interaction [14] . The significant questions are (i) whether these two different origins of the orbital fluctuations (i.e., the VC due to Coulomb interaction and the e-ph interaction) cooperate or not, (ii) why the high-T c plain s-wave state is realized against the strong magnetic fluctuations, and (iii) how the plain swave Cooper pairs escape from the strong direct Coulomb repulsion in multiorbital systems.
In this paper, we analyze a canonical two-orbital model in detail in order to resolve the above-mentioned fundamental questions (i)-(iii). We study the pairing mechanism in the presence of strong magnetic fluctuations and small phonon-mediated attractive interaction, by considering the VC for the orbital susceptibility (χ-VC) and the VC for the pairing interaction (U -VC) consistently. In both VCs, the significant contributions come from the Aslamazov-Larkin (AL) processes, which represent the strong orbital-spin interference driven by the electron correlation [13] . Due to both VCs, weak e-ph interaction is enough to realize the high-T c plain s-wave state near the magnetic quantum criticality. The present theory explains the characteristic phase diagram in typical strongly-correlated plain s-wave superconductors such as FeSe, A 3 C 60 , and CeCu 2 Si 2 . We also find that the direct Coulomb repulsion for the intra-orbital s-wave Cooper pair is reduced by the "multiorbital screening effect."
We start from the two-orbital Hubbard-Holstein model on the square lattice H = H 0 + H U + H ph , where
klσ c kmσ is the kinetic term, and
Here, i is a lattice site index, c † klσ (c klσ ) is the creation (annihilation) operator of d-electrons with wave-vector k, orbital l, and spin
′′ cos k x , and ξ
we set the hopping parameters as (t, t ′ , t ′′ ) = (1, 0.1, 0.1). The unit of energy in the present study is t = 1, and the electron filling is fixed as n e = 2.30. The two Fermi surfaces (FSs), FS α and FS β, are shown in Fig. 1(a) , where θ is the angle of the k on each FS. The bare multiorbital Coulomb interaction U 0;σσ ′ ρρ ′ l,l ′ ;m,m ′ is composed of the intra-orbital Coulomb interaction U , inter-orbital one U ′ , Hund's coupling J, and pair hopping J ′ [15] . U 0;σσ ′ ρρ ′ l,l ′ ;m,m ′ is uniquely decomposed into the spin-channel and chargechannel;Û 0;σσ where σ is the Pauli matrix vector andÛ 0;s(c) is the spin-(charge-) channel Coulomb interaction shown in Fig. 1(b) . Their expressions are given in the Supplementary Material (SM):A [16] . Hereafter, we simply put
In addition, H ph is the phonon-related term given by
is an electron number operator for orbital l, b † i (b i ) is a phonon creation (annihilation) operator, η is the coupling constant between electrons and B 1g -symmetry phonon, and ω D is the phonon frequency. The phonon-mediated retarded interaction is −g(ω j ) i (n ωD (> 0). ω j = 2jπT is the boson Matsubara frequency with integer j. In the present model, B 1g orbital fluctuations are induced by the χ-VC even for g = 0. Due to the χ-VC, the B 1g orbital fluctuations are strongly enhanced by introducing the small g given by the B 1g phonon. Such enhancement is not realized by non B 1g phonons. Now, we derive the spin and charge susceptibilities by analyzing the χ-VC for the charge-channel selfconsistently, based on the self-consistent vertex correction (SC-VC) method [13] . Hereafter, we fix the parameters J/U = 0.08 and T = 5 × 10 −2 , and use the notations k = (k, ǫ n ) = (k, (2n + 1)πT ) and q = (q, ω j ) = (q, 2jπT ). We adopt N k = 32 × 32 k-meshes and 256 Matsubara frequencies. In the present model, the spin (x = s) and charge (x = c) susceptibilities arê
is the irreducible susceptibility. We explain the matrix expressions ofχ x (q) andX x (q) in the SM:B and SM:C, respectively [16] . X x (q) is the χ-VC given by the AL process. Its diagrammatic expression is shown in Fig. 1(c) , which contains the three-point VC,Λ
x (k, k ′ ), as shown in Fig. 1(d) . The solid and wavy lines represent the electron Green functionĜ(k) andχ x (q), respectively. The bare susceptibility is given by χ
where G l,m (k) is the Green function in the orbital basis without the self-energy. The spin (charge) Stoner factor α S(C) is given by the largest eigenvalue ofĈ s(c)Φs(c) (q).
Here, we calculateX c (q) self-consistently, by neglectinĝ X s (q) since it is less important [17] . In the random phase approximation (RPA), bothX s andX c are dropped. As we explain in the SM:B [16] , the interaction terms areĈ s ≡Û 0;s andĈ c ≡Û 0;c −ĝ(ω j ), whereĝ is the phonon-mediated interaction given as
. Here, we neglect the ladder-diagram for the phonon-mediated interaction by assuming the relation ω D ≪ W band (bandwidth). In this case, α S is independent of g if we putX s = 0 [14] . Note that the orbital-fluctuations are caused by the cooperation between χ-VC and g, even when ω D ≫ W band .
Figures 1(e) and 1(f) show the obtained total spin susceptibility, χ s (q) = l,m χ s l,l;m,m (q), and orbital susceptibility with respect to the B 1g orbital operatorn xz −n yz , χ
, respectively. The used parameters are (U, g) = (2.1, 0.15), and the realized Stoner factors are (α S , α C ) = (0.92, 0.93). The spin susceptibility is enlarged due to the nesting between FS α and FS β, and the strong orbital susceptibility is induced by the χ-VC and the small g is due to the B 1g phonon. The antiferro-orbital ordered phase is realized when α C ≥ 1. More detailed results are shown in the SM:B [16] .
Next, we analyze the linearized gap equation beyond the Migdal-Eliashberg scheme given as [18] 
which is diagrammatically expressed in Fig. 1 (g). ∆ a (θ, ǫ n ) and λ are the singlet superconducting gap function on the FS a (a = α, β) and its eigenvalue, respectively. V a,a
is the pairing interaction in the band basis. k a,θ and v a,θ are the Fermi momentum and the Fermi velocity on FS a, respectively. Usingχ s(c) (q) derived from the SC-VC method, the paring interaction in the orbital basis is given as [18] 
which is transformed to V a,a
is the three-point vertex with the AL-type U -VC shown in Fig. 1 [18] . Then, the effective Coulomb interaction dressed by the U -VC iŝ
(d), and Λ
, which is given in the SM:C [16] . Since the contribution to the U -VC from χ s (q) dominates over the one from χ c (q) even for α S ∼ α C , as explained in Refs. [17, 18] , we can safely set g = 0 in for calculatingΛ
x . Here, we explain the important role of the U -VC on the superconductivity. In Figs. 2(a) and 2(b), we show the charge-and spin-channel enhancement factors in the band basis at ǫ n = ǫ n ′ = πT defined as
Here, we set U = 2.1 (α S = 0.92). Fig. 2 (c) , which are very similar to Fig. 8 (a) for n e = 2.67 in Ref. [19] . The obtained relation
, which is explained in Fig. 2 (d) and in Ref. [18] . This relation owing to the AL-processes has been confirmed by the functional-renormalization-group (fRG) analysis in Refs. [19] , In the fRG method, the higher-order VCs, even higher order than Figs. 1 (c) and (d), are generated in a systematic and unbiased way.
Hereafter, we solve the gap equation (2) numerically and simply set g(ω j ) = g by neglecting the retardation effect. This approximation leads to the underestimation of the plain s-wave state. In addition, we neglect both the U -VC and χ-VC for finite ω j , and also drop the crossing pairing interaction introduced in Ref. [18] . These simplifications also lead to the underestimation of the plain swave state [18] . We summarize the approximations used in the numerical study in the SM:C [16] .
for the lowest frequency. θ (θ ′ ) represents the Fermi point on
In Fig. 3(a) , we show the largest eigenvalue with the phase boundary between three s-wave states given in Figs. 3(b)-3(d), which we call the phase diagram below. In the nodal s ++ (s +− ) state, ∆ α (N π/2, ǫ n ) and ∆ β (N π/2, ǫ n ) have the same (opposite) sign for N = 0, 1, 2, 3. In Fig. 3(a) and Fig. S3 (a) in the SM:D [16] , the full-gap s ++ state without any sign reversal corresponds to the largest eigenvalue for a wide region with α C ≥ 0.8. The obtained λ for the full-gap s ++ state is very large, since the attractive (repulsive) interaction is enlarged (suppressed) by |Λ c(s) | 2 [18] [19] [20] . Thus, T c for the full-gap s-wave state is expected to be high. In contrast, λ for nodal s ++ and s +− states is very small. Figure 3 (e) shows the α S -dependence of λ at α C = 0.93. When the U -VC is included, λ for the full-gap s ++ state drastically increases with α S . In contrast, the fullgap s ++ state disappears in the phase diagram if the U -VC is neglected (=Migdal approximation [21] ) , as shown in Fig. 3(f) . Although the paring interaction has the small energy scale, the Migdal theorem fails due to its strong q-dependence. Therefore, the significance of the U -VC for the plain s-wave state is clearly confirmed.
We see in Fig. 3(a) that, the strong orbital fluctuations α C 1 are realized just g ≈ 0.15 ( U/10) for α S 0.9. By following Ref. [22] , orbital susceptibility for α C 1 is approximately given as χ
, where Φ c (Q) is the intra-orbital irreducible susceptibility. Due to the existence of U ′ , α C = (2U ′ − U + 4g)Φ c (Q) reaches unity by introducing the small g due to the B 1g phonon. In addition, the required g for α C = 1 is reduced if the relation Φ c (Q) ≫ χ 0 (Q) is realized by the AL-VC. Therefore, the strong orbital fluctuations are induced by the coop- eration between the B 1g phonon (g) and the χ-VC.
To summarize, the full-gap s ++ wave state is stabilized by the charge-channel pairing interaction
, which takes large negative value when α C 1 and |Λ c | 2 ≫ 1. The latter condition is realized when α S 1 due to the AL-VC. We verified in the SM:E [16] that the full-gap s ++ state corresponds to the largest eigenvalue for a wide filling range if the U -VC is included in the gap equation. Note that the momentum dependence of the Λ x (k, k ′ ) is quite important since the full-gap s ++ phase disappears if we apply the local approximation to U -VC; Λ show the schematic depairing processes for the "intraorbital Cooper pair" for the single-and multi-orbital models, respectively. Here, the effect of J is neglected for simplicity. The energy cost for the intra-orbital Cooper pair, which is ∼ U in the single-orbital model, is drastically reduced to ∼ (U − U ′ ) in the multi-orbital model. This reduction is caused by the screening due to the electrons on other orbitals. Thus, we call this effect the multiorbital screening. Figure 4(c) shows the pairing interaction for the intra-orbital Cooper pair up to second-order. We assume G l,m = G l · δ l,m for simplicity. The process (II), which exists only in the multiorbital models, reduces the direct Coulomb depairing given by (I). This multiorbital screening effect is prominent when
Note that the depairing is suppressed further by the retardation effect.
We comment on other theoretical studies. Based on the dynamical-mean-field-theory (DMFT) or variational cluster approach (VCA), mechanisms of the plain swave state due to the electron correlation (together with the e-ph interaction) have been discussed in Refs. [8-10, 23, 24] . In CeCu 2 Si 2 , both the valence fluctuation and orbital fluctuation scenarios have been discussed in Refs. [25, 26] .
In summary, we proposed the mechanism of the plain s-wave state in strongly correlated metals with the weak B 1g e-ph interaction. We demonstrated that the strong orbital fluctuations emerge due to the cooperation between the χ-VC and the B 1g e-ph interaction, and the orbital-fluctuation-mediated attractive force is enhanced by the charge-channel U -VC. In contrast, the repulsive force due to the spin fluctuations is reduced by the spinchannel U -VC. In addition, the direct Coulomb repulsion for the intra-orbital cooper pair is strongly reduced by the multiorbital screening effect. The plain s-wave state has a large eigenvalue in the vicinity of the magnetic quantum criticality as shown in Fig. 3(e) . The present theory may explain the strongly-correlated plain s-wave superconductivity in FeSe, A 3 C 60 , and CeCu 2 Si 2 .
We stress that the charge-channel U -VC is enhanced by the AL-VC even in one-orbital models, which explains the result of the quantum Monte Carlo study for the twodimensional one-orbital Hubbard model in Ref. [27] .
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(S1) Here, the matrix elements of the spin-and charge-channel Coulomb interactions are
. (S3)
B: Multiorbital spin and charge susceptibilities
In the main text, we use the 2 2 × 2 2 matrix representation for the multiorbital spin (charge) susceptibilityχ x (q)(x = s, c). The matrix elements ofχ x (q) in Eq. (1) in the main text is given as χ ′ and m = m ′ in the present model. We stress that χ c x 2 −y 2 (q) with respect to the orbital polarization ∆n ≡n xz −n yz is enlarged due to large negative value of χ c 1,1;2,2 (q) at q ≈ (0.8π, 0.8π) shown in Fig. S1(d) . In contrast, the total charge susceptibility for the charge operatorn tot ≡n xz +n yz , which is given as χ Next, we derive the matrix elements of the B 1g phonon mediated interaction. We show an example of schematic expression of B 1g phonon mode in Fig. S2(a) . In Figs. S2(b)-S2(e) , we show the diagrammatic expression for the spin-dependent phonon-mediated interaction term: C σ,σ;ρ,ρ g, l,l ′ ;m,m ′ . Figure S2(f) shows the first-order correction by g for the spin-dependent susceptibilitiesχ σ,σ;ρ,ρ (q) at ω j = 0. The first terms in Figs. S2(b)-S2(e) give the bubble diagrams, and the second term in Fig. S2(b) gives the ladder diagram. In the case of ω D ≫ W band , we can replace g(ǫ n − ǫ n ′ ) with the constant g, so both the bubble and ladder diagrams contribute to the susceptibility. Thus, the phonon-induced four-point vertex for
. In the opposite case, ω D ≪ W band , the ladder diagrams are expected to be small. In fact, the corresponding irreducible susceptibility is approximately χ
In the SC-VC theory, the charge-channel χ-VC at q = 0 is approximately proportional to p {3χ
We have verified that the contribution toΛ c from χ s (q) dominates over that from χ c (q) even for α S ∼ α C . For this reason, we can safely put g = 0 in calculating the χ-VC in the case of ω D ≪ W band .
C: Expression for U -VC
We explain the AL-type U -VCs, which were also introduced in Ref. [2] . The charge-and spin-channel ALterms in Fig. 1(d) in the main text are given as In addition,X x (q) is written by using theΛ AL,x (k, k ′ ) as follows
Finally, we summarize the approximations applied to the numerical study in the main text. In calculating the susceptibilities based on the SC-VC method, (i) we neglect the χ-VC for spin channelX s , which has been justified in the five-orbital model as we discussed in Refs. [1, 3] in detail. (ii) We also neglect the ladder diagrams due to the phonon-mediated interaction for the susceptibilities, which is justified for ω D ≪ W band . In calculating the gap equation in the main text, (iii) we neglect the retardation effect by putting g(ω j ) = g in the pairing interaction, and (iv) we drop the U -VC at finite ω j . The approximations (iii) and (iv) lead to the underestimation of the plain s ++ wave state, so the region of the full-gap s ++ wave state in Fig. 3(a) in the main text is underestimated.
D: Local approximation of U -VC in the gap equation
In the main text, we performed the numerical study of U -VC, by taking account of its momentum dependence seriously. Figure S3(a) shows the superconducting phase diagram in the α S -α C space, which is equivalent to the α S -g phase diagram in Fig. 3(a) in the main text. However, this calculation is very time consuming, and it is very convenient if the local approximation is applicable for the U -VC. To check the validity of the local approximation, we calculate the averaged U -VC over the FSs, Λ
, and analyze the gap equation by using this local U -VC. Figure S3 (b) shows the obtained superconducting phase diagram by using theΛ x loc (ǫ n , ǫ n ′ ). We see that the full-gap s ++ state disappears in this case, and this phase diagram is almost equivalent to that given by the Migdal approximation in Fig. 3(e) in the main text. Therefore, the momentum dependence of the U -VC has to be taken into account seriously in solving the gap equation.
E: Filling dependence of the phase diagram
In the main text, we show the superconducting phase diagram for the filling n e = 2.30. Here, we show the filling dependence of the superconducting phase. Figures  S4(a) and S4(b) show the phase diagram of both singlet and triplet states as functions of the chemical potential µ and g. The self-energy is not included in the present study. Here, n e = 2.30 corresponds to µ = 0.50. At each µ, we set U to satisfy the relation α S = 0.94. The charge Stoner factor α C increases with g, and the maximum value is set to α C = 0.98.
In Fig. S4(a) , we show the obtained phase diagram when U -VC is taken into account. We find that the present two-orbital model shows rich superconducting phase diagram, and the full-gap s ++ wave state corresponds to the largest eigenvalue for a wide range of fill- ing parameter. It is noteworthy that the triplet superconductivity is appeared at µ ≈ 1.0, which corresponds to Sr 2 RuO 4 . This result is consistent with our previous study in Refs. [2, 4] .
On the other hand, the s ++ state disappears when we neglect the U -VC as shown in Fig. S4(b) . Thus, we conclude that the U -VC plays an important role in realizing the full-gap s ++ wave state for a wide parameter range.
F: Retardation effect
In the main text, we studied the spin and orbital fluctuations in the two-orbital Hubbard-Holstein model with the phonon-mediated interaction g(ω j ) = g However, this simplification leads to the underestimation of the full-gap s ++ wave state. Here, we study the case of ω D ≪ T , that is, g(ω j ) = gδ j,0 . In this case, the retardation effect becomes maximum. The obtained phase diagram is given in Fig. S5 . We find that the region of the full-gap s ++ state is drastically expanded by the retardation effect. 
G: Impurity effect on superconductivity
In the main text, we analyzed the superconducting gap equation based on the two-orbital Hubbard-Holstein model, in the absence of the impurity effect. However, it is well known that superconducting state is sensitively affected by impurities. Here, we analyze the gap equation in the presence of dilute non-magnetic impurities, using the T -matrix approximation. The gap equation in the band basis is given as
which is schematically shown in Fig. S6(a) . V s(t) represents the singlet (triplet) pairing channel, which is given asV s = 3Î Λ.s /2 −Î Λ,c /2, andV t = −Î Λ,s /2 − I Λ,c /2. Here, n imp is the impurity concentration, and T a,a ′ (k, k ′ , ǫ m ) is the impurity T -matrix with unitary scattering shown in Fig. S6(b) . The Green function G a (k, ǫ n ), expressed as a double line in Fig. S6(a) , contains the impurity-induced normal self-energy on band a, Σ a (k) = n imp T a,a (k, k, ǫ n ), shown in Fig. S6(c) . Figure S6(d) shows the superconducting phase diagram for n imp = 0.1% in the α S -α C space. We find that the area of the full-gap s ++ wave state is drastically expanded by the impurity effect even for n imp = 0.1%.
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